Abstract In this research, a new numerical method is proposed for solving fractional Bratu type boundary value problems. Fractional derivatives are taken in Caputo sense. This method is predicated on iterative approach of reproducing kernel Hilbert space theory with shifted Legendre polynomials. Construction and convergence of iterative process are shown by orthogonal projection operator. Numerical results show that our method is effective and convenient for fractional Bratu type problem.
Introduction
In recent years, a great deal of implementation of nonlinear boundary value problems with fractional order derivative take place in many areas of sciences and engineering. Various phenomena can be successfully modelled with the aid of fractional differential equations [1] . Applications, methods to find approximate solution and qualitative behaviors of solution for fractional differential equation have been investigated by authors [2, 3, 4] and references therein.
In this article, a new method which is called Legendre -reproducing kernel method (L-RKM) will be proposed for attain the approximate solution of following nonlinear fractional Bratu differential equation with Caputo derivative [5] , 
with boundary conditions
There are many studies about analytical and numerical solution of Bratu's problem. B-spline method [6] , Laplace decomposition method [7] , Lie-group shooting method [8] , homotopy analysis method [9] , weighted residual method [10] , decomposition method [11] , perturbation iteration method [12] .
The history of reproducing kernel concept goes back to the research of Zaremba in 1908 [13] . His work mainly focused on boundary value problems with Dirichlet condition about harmonic and biharmonic functions. The reproducing property of kernel functions has an important role in reproducing kernel Hilbert space theory. The solution of differential equations is given by convergent series form in reproducing kernel method. Recently, reproducing kernel method is applied for numerous type of differential and integral equations. For instance, nonlinear fourth order multi point boundary value problems [14] , Riccati differential equations [15] , singular integral equations [16] , fractional Bratu-type equations [17] , variable order fractional functional differential equations [18] , singularly perturbed problems [19] , fractional advection-dispersion equation [20] , fractional Riccati equation [21] and [22, 23, 24, 25] . This paper is arranged as follows: some fundamental definitions of fractional calculus are introduced in Section 2. Bases function and polynomial reproducing kernel function are given in Section 3. The structure solution of the problem with L-RKM is given in Section 4. Section 5 is reserved to numerical examples which are successfully solved by L-RKM algorithm. Finally, Section 6 ends with a brief conclusion.
Fractional calculus
In this section we provide some important definitions which will be used in this study.
Then, the Riemann-Liouville fractional integral operator of order α is defined as [26] :
where Γ (.) is Gamma function, α ≥ 0 and x > 0. Properties of the operator J α can be found in [1-3] and we mention only the following: For α, β ≥ 0, and γ > −1 :
Then, the Caputo derivative of order α is defined as [26] :
here n − 1 < α < n, n ∈ N and x > 0. Also, we need following basic properties:
3 Basis functions and Legendre reproducing kernel
Basis functions
The first kind of shifted Legendre polynomials are described on [0, 1] and can be obtained by the following iterative formula:
for n = 1, 2, .... The orthogonality requirement is
where weighted function is taken as,
We can establish Legendre basis functions which provide the homogeneous boundary conditions as:
This is useful property for solving boundary value problems. Now, the basis functions defined as
have the conditions
It is well known that from the theory of Legendre polynomials, this basis functions constructed by (6) are complete system.
Legendre reproducing kernel function
Definition 3.1 Let X be a nonempty set, and H be a Hilbert space of real-valued functions on some set X with inner product ·, · H . Then, function K : X × X → R is called to be the reproducing kernel function of H if and only if
The second condition is reproducing kernel property. Then, this Hilbert space is called reproducing kernel Hilbert space (RKHS).
is an orthonormal basis of H, then the reproducing kernel of H as [27] : 
with ρ [0,1] (x) defined by equation (4), and the norm For solving boundary value problem, it is necessary to define a closed subspace of W m ρ [0, 1] which satisfy homogenous boundary conditions.
By using equation (6) 
Here, h i (x) is complete orthonormal system which is derived from Eq. (6) by use of Gram-Schmidt process. Eq. (9) is very practical for application. Namely, K In this subsection, we construct a Legendre reproducing kernel method for analytical solution of Eqs.
(1)- (2) . The solution of (1)- (2) will be given in
The Eq. (1)- (2) can be written as follows
Let g(x, y)=−λ exp(y(x)). It is easy to show that L is a bounded linear operator. We shall give the representation of an analytical solution of equation (10) 
this means, for i = 0, 1, ..., m − 2,
By the existence of inverse operator L −1 it is concluded that y ≡ 0. Therefore, {ψ 
where β m ik are orthogonalization coefficients. 
The proof is completed.
Therefore, |y 
Construction and convergence of iterative process
Firstly, we constitute the following iterative sequence y m (x), putting, 
This completes the proof. Taking y m,0 (x) = 0 (we can choose any fixed
Numerical examples
In this part, a numerical example is considered to show the efficiency and accuracy of the present method. Numerical result shows that L-RKM is powerful and convenient.
Example 5.1 We consider the following nonlinear fractional Bratu equation with Caputo derivative
The exact solution for α = 2 is given by
where θ is the solution of θ = √ 2λ cosh (θ/4). Using L-RKM for Eqs. (17)- (18), taking x i = i+0.3 m , i = 0, 1, 2, ..., m − 2, the numerical solution y m,n (x) is calculated by Eq. (15) . Comparison of L-RKM at some selected grid points with exact solution are given in Table 1, Table 4 and Table 7 . Absolute error of different m values for this example are given in Table 2, Table 5 and Table 8 . Comparison of absolute error for different methods are given in Table 3 and Table 6 . Absolute error of L-RKM solution for y(x) and its derivatives are given in Fig. 1-5 .
Conclusion
In this research, Legendre reproducing kernel method (L-RKM) is proposed and successfully applied to find the numerical solution of the fractional Bratu-type boundary value problems. Numerical results show that the present method is a powerful and effective for solving fractional Bratu-type boundary value problems. Furthermore, convergence of present iterative method is discussed. 
